Abstract This article reviews some recent theoretical results about the structure of Darboux integrable differential systems and their relationship with symmetry reduction of exterior differential systems. The symmetry reduction representation of Darboux integrable equations is then used to derive some new and unusual transformations.
of Darboux. In a recent article [2] , the authors (with P. J. Vassiliou) re-interpreted Vessiot's approach within the more general setting of symmetry reduction of differential systems and used this general setting to develop a new, algorithmic approach for the explicit integration of Darboux integrable systems. We also introduced the concept of a non-linear superposition formula for differential systems and showed how Darboux integrable systems always admit such a formula. This concept of a non-linear superposition formula provides a new way of looking at Darboux integrable systems which has proven to be quiet useful.
From the outset, it should be emphasized that the group-theoretic tools which arise in this new approach to Darboux integrability are rather different from the more familiar methods due to Sophus Lie -the relevant Lie groups arise, not as symmetry groups for the given equations, but rather from certain canonical normalizations of the structure equations for the exterior differential systems associated to 1 = 0. We cite the theory of equations of Lie type [21] (Chap. 3), [24] (Chap. 10) and papers by Cartan [8] and Vessiot [25] as other instances where Lie groups, which do not arise as symmetry groups, have lead to new integration methods for various classes of differential equations.
The best-known example of a Darboux integrable equation is the Liouville equation
The 
It is a simple but nevertheless instructive exercise, to check that the compatibility conditions for (1) and (2) are satisfied. The method by which one derives (2) from (1) is well-established (see, for example [7] , [3] , [4] , [23] ). Vessiot's critical observation is that these intermediate integrals may be viewed as a Ricatti equation and these are equations of Lie type for the standard fractional linear action of the Lie group SL(2) on the line. The method of Darboux is one of the cornerstones of the classical geometric theory of differential equations developed in the nineteenth century by Monge, Ampere, Laplace, Goursat and Darboux. For the following reasons, we believe it remains an important topic:
1. Darboux integrable systems always have infinitely many generalized symmetries and conservation laws ( [4] , [23] ) and consequently are always present in any classification of PDE with these properties. 2. One of the principle goals of the geometric theory of PDE is to relate properties of geometric invariants of PDE to solution techniques and properties of the solutions. Surely Darboux integrable equations afford the simplest situation where such relationships can be developed. 3. The mathematical physics literature contains many ad hoc methods for finding closed-form general solutions to reductions of various fundamental field theories. The method of Darboux, as generalized in [2] , provides a completely systematic and algorithmic approach to the derivation of these solutions.
4. The integration of PDE by computer algebra systems is a very active area of current research and classical geometric methods, such as the method of Darboux, provide a powerful complement to differential elimination methods.
The goal of the present article is to summarize the key results of [2] and, as an application, establish some new and rather surprising transformations between various Darboux integrable differential systems.
Symmetry Reduction of Exterior Differential Systems and the Method of Darboux
We begin this section with the general definition of symmetric reduction of an EDS ( [1] ). We illustrate this definition within the familiar context of ODE reduction and make a few comments regarding the general theory. A (non-technical) summary of the application of symmetry reduction to the study of Darboux integrablity, as developed in [2] , is presented.
Definition 2.1 Let G be a Lie group acting regularly on a manifold M and let q : M → M/G be the projection map to the quotient space M/G of M by the orbits of G. Let I be an EDS on M and suppose that G is a symmetry group of I.
Then the G-reduction of I is the EDS I/G on M/G defined by
To calculate the reduced differential system I/G, one first calculates the forms I sb ⊂ I which are semi-basic for the action of G on M. Specifically, if denotes the Lie algebra of infinitesimal generators for the action of G on M, then I sb = { ω ∈ I | X ω = 0 for all X ∈ }.
One can interpret I sb as the largest differential sub-system of I for which each X ∈ is a Cauchy characteristic. At this point, a standard result on reduction by Cauchy characteristics (see, for example [5] , p. 31) asserts that one can construct a basis for I sb in terms of the G-invariant functions on M and their differentials. This basis naturally projects under q to give a basis for I/G. As a simple example, let us consider the problem of integrating the 4th order ODE ( [19] , (7.16)) 3y
In terms of standard jet coordinates { x, y, y 1 , y 2 , y 3 }, the differential system for this ODE is the rank 4 Pfaffian system
and we take as our symmetry group (with group parameters ( a, b, c) ∈ R×R×R * ) the transformation group
The infinitesimal generators for this action are
The orbits of G are two dimensional so that the quotient space M/G has dimension two with coordinates (say) {u, v }. The invariants for action of G on M are y 1 and y 3 /y 2 2 so that we may write the projection q as
By solving the linear system
we determine that
We substitute y 3 = vy 2 2 and y 1 = u into this result to find that the reduced EDS is
and the reduced ODE is
This is precisely the result one would obtain using a step-by-step reduction of (5) following the well-known algorithm as presented in [22] , pp. 130-161. In [1] we show how the general solution to (5) can be obtained from the solution to (13) and the group action (7).
Thus, for ODE, the reduction procedure given by Definition 2.1 coincides, more or less, with the usual reduction by differential invariants although it does lead to a new approach for lifting solutions of the reduced system to the original system and for dealing with non-regular group actions and singular orbits [13] . What is of real importance for us here is that Definition 2.1 provides us with a simple, unambiguous approach to the symmetry reduction of partial differential equations within an EDS setting. We should emphasize, however, that if I is the canonical Pfaffian system for some system of PDE (obtained by the restriction of the contact ideal on the appropriate jet space), then the reduction I/G may not be the canonical Pfaffian system for a PDE with the same order and same number of dependent and independent variables -even when the Cartan character and Cartan integer remain the same. In this sense, the ODE reduction presented in the foregoing example, where we effortlessly passed from the reduced EDS (12) to the ODE (13) is not reflective of the general situation.
This last remark naturally leads to the PDE recognition problem for differential systems of the kind discussed by Vessiot (see also Stomark [24] , page 274) and more recently by Yamaguchi [28] . The construction (3) also raises a wide range of interesting (and often very challenging) problems regarding the behavior of the various geometric properties for differential systems under reduction. As a simple illustration, we cite Theorem 5.1 in [1] , where conditions under which the reduction of a Pfaffian system is Pfaffian are established.
We now frame the theory of Darboux integrablity within the context of symmetry reduction of differential systems. Roughly speaking, a differential system I is Darboux integrable if (1) it is algebraically generated by 1-forms and 2-forms; (2) if the structure equations for the 1-forms decompose, at the symbol level, into a certain block diagonal form; and (3) if the singular Pfaffian systems determined by this decomposition admit a sufficient number of intermediate integrals. See [2] for the precise definition of Darboux integrablity. This definition generalizes the classical definition of Darboux integrablity for scalar PDE in the plane. We remark that, as with the classical definition, it frequently happens that a differential system is not Darboux integrable but that its prolongation to some order is.
The main results of [2] can be summarized as follows. 
We call the quotient differential systems Regrettably, the present proof of this result is rather difficult. This is primarily because there are many groups actions which satisfy the conclusions of Result 3 but only a very careful and lengthy analysis of the structure equations for the singular Pfaffian systems leads to the correct choice of group actions required for the validity of (14) .
Result 5 emphasizes the fact that Darboux integrablity, instead of being studied from the viewpoint of compatibility theory, can now be studied entirely within the setting of group actions and symmetry groups of differential systems. For example, (differential) invariants for the action of the Lie group G on the manifold M 1 and M 2 project under q to give the intermediate integrals for the EDS I.
Result 6 shows explicitly that the explicit integration of a Darboux integrable I depends upon the explicit integration of the its restricted singular Pfaffian systemsŴ andW. In particular, one is assured of algebraic, closed-form general solutions for I wheneverŴ andW can be identified with the canonical contact structures on jet spaces. Result 6 is also the key to the symbolic implementation of the method of Darboux.
Transformations of Darboux Integrable Systems
The symmetry reduction approach to the method of Darboux described in the previous section allows us to develop a new, coherent transformation theory for Darboux integrable differential systems. The following three Principles summarize the key results obtained thus far. Module various technical transversality conditions these principles are indeed theorems. Precise statements and proofs of these theorems will appear elsewhere.
Principle A (Prolongation).
[i] Let I be a differential system with independence condition J . Let G be a symmetry group of (I, J ) and suppose that I/G is a (regular) differential system. Then the symmetry group G lifts to a symmetry group of any prolongation (or partial prolongation [7] ) I [p] of I and
[ 
commutes.
[iii] There is a normal subgroup H of G such that G = G/H . The projection maps π , π 1 and π 2 are all G equivariant maps.
Linear Equations
In this first example we consider Darboux integrable linear partial differential equations
We describe the quotient representation for these equations and we show how Principle B leads naturally to the constructions of the classical Laplace transformations between linear Darboux integrable equations. Let J m (R, R) × J n (R, R) be the product of two jet spaces with standard jet coordinates
and let C m + C n be the sum of the canonical contact systems
Result 1 states that this sum is trivially a Darboux integrable differential system. Principle A states that quotients of C m + C n will be Darboux integrable. Here we establish precisely which group actions will lead to the Pfaffian systems for (15) . Let G p be the p dimensional Abelian group acting on J m × J n with infinitesimal generators defined by the prolongation of the vector fields.
The functions f i are smooth and subject only to the condition stated below in Theorem 4.1. By definition, G p is a symmetry group for the canonical contact system C m + C n . 
is the standard rank 3 Pfaffian system, defined on a seven manifold, for a linear PDE (15) .
[
ii] The Pfaffian system for any Darboux integrable linear PDE (15) is a quotient differential system of the type (18).
Proof. The prolonged infinitesimal actions for G p are
so that a form
is semi-basic if and only if
With the functions f i chosen so that action of G p on J n−2 × J m−2 is free, the rank of this linear system of m + n − 3 equations for m + n unknowns A k and B l is maximal. This implies that G p is transverse to the derived system C m−1 + C n−1 and therefore the quotient EDS is a rank 3 Pfaffian system. The functions x, y are obviously invariants for this action and there is precisely 1 additional differential invariant U on J (m−2) × J (n−2) . As the solution to the equations prZ i (U ) = 0, the function U is linear in the variables φ m and ψ n , this is,
We next note the six functions
But there can only be five independent G p invariant functions on J n−1 × J m−1 so that these six functions are necessary functionally dependent. In fact, the linearity of these invariants in the variables φ k and ψ l forces this dependence to be of the form
for some choice of functions a, b, c. These coefficients determine the PDE (15) for our quotient EDS. The quotient of J m × J n by G p is a seven dimensional manifold with coordinates (x, y, u, u x , u u , u xx , u yy ), where the quotient map is defined by
On account of (19) and (20), the forms
where u xy is given by (15) , pullback under q into C m + C n and therefore determine the quotient Pfaffian differential system. The system I is therefore the canonical differential system for PDE of the form (15) .
We remark that the intermediate integrals for (15) are given by the projection of the differential invariants for the action of G p on the individual jet spaces J m+n−1 (x, φ) and J m+n−1 (y, ψ).
This symmetry approach allows one to generate many new families of linear, Darboux integrable, scalar PDE. But, in order to arrive at some simple concrete examples for which we can give complete formulas, we consider the elementary action (17) determined by the functions f i (z) = z i for i = 0 . . . 4 and acting on the jet spaces
In each case the canonical contacts systems on these jet spaces define rank 6 Pfaffian systems on 12 dimensional manifolds. The quotient differential systems
are found to be the canonical 3 rank Pfaffian systems for the equations
Here ζ = x − y. The projection map q 1 is
with partial prolongations q
, and
The projection map q 2 is
The projection map q 3 is
Because the quotients (23) are all with respect to (the prolongations of) the same group action, we can use Principle B to calculate the internal equivalences 
3
We choose cross-sections φ = φ 1 = φ 2 = φ 3 = φ 4 = 0 and, for q 1 
The maps 1 and 2 are precisely the classical Laplace transformations ( [11] , Vol 2, p. 23-53, [14] , Vol 6, p. 39-104) for the equations defined by I and J so that, as promised, we have re-constructed these transformations from the symmetry reduction viewpoint. We emphasize that had these Laplace transformations been unknown to us, we would have discovered them by applying the algorithms of [2] to recognize I, J and K as the quotients (23) by the same group action (17) (with f i (z) = z i ).
The differential invariants for the action (17) on the individual jet spaces are simply φ 5 and ψ 5 and these project under q
to give the following intermediate integrals 
From the orders of these intermediate integrals we can deduce that the Laplace invariants for our three equations vanish at orders
The inferences of this last computation hold generally [14] . 
Internal Equivalences of Some Non-linear PDE
We have systematically calculated the quotient representations for all the examples in Goursat [16] and, in so doing, we have uncovered a number of new internal equivalences.
Example 5.1 The canonical Pfaffian systems (on seven manifolds) for the two equations ([16] p. 124 and p. 134)
I : u xy = e u and J : v xy = vv x (25) are quotients of the contact systems C 3 × C 3 and C 2 × C 4 by the diagonal action of SL (2), acting by fractional linear transformations on the dependent variables φ and ψ. The two projection maps
and the prolongations of these equations to order 2. Then, just as in the previous section, we find that there is an internal equivalence
which is given by v = u y and u = log(v x ). (27) The differential invariants for the action of SL (2) on J 3 × J 3 are
and these project under q 1 to the intermediate integrals
for I. These, in turn , are transformed by (27) to the intermediate integrals
for J .
Example 5.2 A more complex example is given by the two systems ([16], p. 186 and p. 231)
I : z xy = 2 x + y z x z y and J : w uv + w 2 w vv + 2ww
Remarkably, the quotient representations for these two differential systems are
where H 2 is the rank 2 Pfaffian system defined on a 5 manifold with coordinates {t, σ, φ, φ 1 , φ 2 }, by H 2 = {dφ − φ 1 dt, dσ − φ 2 1 dt}, and where the prolongations are given by 
We are in precisely the situation of Theorem A and therefore I [1, 0] and J [0, 1] are internally equivalent. With ζ = s + t the (prolonged) projection q
is given by
z xx = 2P P t , z yy = 2QQ s , z xxx = 2P 2 t + 2P P tt , where
The projection q
where the coefficients A 0 , B 0 and C 0 are functions of the independent variables x, y. Assuming that B 0 > 0, the change of dependent variables v → v + log(B 0 ) transforms (33) to the standard form
where A and C are functions of x, y. Let M be the usual rank 3 Pfaffian system for (34) [1, 0] be the rank 4 Pfaffian system for the partially prolonged linear PDE (15) , and let S be the 1 dimensional scaling symmetry group of L [1, 0] with infinitesimal generator
Then the quotient system L [1, 0] Proof. The differential system L [1, 0] is the rank 4 Pfaffian system with generators
where u xy and u xxy are given by the PDE (15) and its x derivative. A basis for the semi-basic forms L [1, 0] sb , with respect to the symmetry group S, is easily determined to be
The quotient map, for the scaling group S, from the eight manifold for L [1, 0] to the seven manifold N is defined by the prolongation of
It is a simple matter to re-write the semi-basic forms (37) in terms of v and its derivatives to deduce that the quotient differential system on N is that of a PDE of the form 
In other words, instead of using the obvious projection map (38), it is better to use
To prove the first part of [ii], we simply check that that for given functions A(x, y) and B(x, y), it is always possible find a(x, y), b(x, y), c(x, y) satisfying equations (40). To prove the second part of [ii], we need only observe that the form θ is a complement to the semi-basic forms (37), relative to (36), and that
Part [iii] then follows directly from Principles A and C.
The combination of Theorems 4.1 and 6.1 yield the following corollary. 
Corollary 6.2 For any Darboux integrable Moutard system M, there is a commutative diagram
The composition of the projections q 2 and q S gives the projection map q :
First Order Linear Systems
In this example we consider the simple class of first order linear PDE
where the coefficients α 0 , β 0 , γ 0 , δ 0 are functions of the independent variables x, y. A simple scaling of the dependent variables u and v transforms this system to the form
We associate to each such system a rank 2 Pfaffian system S on a six manifold. The quotient representation for Darboux systems of the type (47) can be obtained directly using the arguments of Theorem 4.1 or indirectly using the integrable extensions approach of the previous section. Let C m and C n be the contact systems (16) and let G p be the p dimensional Abelian group acting on J m × J n with infinitesimal generators (17). ) there is an integrable extension to a system L defined by (15) . For any Pfaffian system L defined by (15) there is an integrable extension to the prolonged system S [1] defined by (47).
Proof. We first remark that by change of a dependent variable u → μ(x, y) u one can always transform (15) to an equivalent linear equation with either b = 0 or c = 0.
If u and v solve (47), then
satisfies a 2nd order linear PDE
precisely when λ satisfies the Moutard equation
The coefficients of (49) 
.
These coefficients all satisfy α y = β x and therefore all the Pfaffian system S 
Goursat's Equation
Goursat ([15] , [18] ) showed that the non-linear equation
can be linearized to the first order system
by setting
or, alternatively, to the second order linear equation
by setting v x = u 2 .
In this example, we shall use Principle C to determine the general form of the quotient representation for Darboux integrable systems of the type (54) and we shall study, in some detail, the special case A = n x + y .
Let G A be the canonical rank 3 Pfaffian system (on a seven dimensional manifold) for (54) and let S A the canonical rank 2 Pfaffian system (on a six dimensional manifold) for (55). Then (56) defines a map π : G A → S A for which G A is an integrable extension of S A . Principles A and C show that (54) is Darboux integrable at some prolonged order whenever (55) is Darboux integrable (prolonged to the same order).
We know from Sect. 7 that the linear system (55) is Darboux integrable if it is the quotient of jet spaces C m × C n by an Abelian Lie group G of dimension m + n − 2, acting freely. We then infer, again by Principle C, that (54) will be the quotient of Pfaffian systems D m+1 × E n+1 by a Lie groupG, where D m+1 is a 1 dimensional integrable extension of C m and E n+1 is a 1 dimensional integrable extension of C n . Moreover, there are projection maps π 1 : D m+1 → C m and π 2 : E n+1 → C n such that the diagram 
commutes. Principle C also implies thatG is a 1-step solvable Lie group of dimension n + m − 1.
If we denote the fiber coordinate for the projection map π 1 by σ , then generators for the action ofG on D m+1 may be taken to be of the form Just as with the case of linear equations (Sect. 5), the functions f i (x) can be prescribed arbitrarily. The functions H and ξ i can be determined directly from the symmetry condition
where E is the Euler-Lagrange operator for the variable φ. This over-determined system of equations can be used to first determine H and then the coefficients ξ i (independent of the method contained in the proof of Principle C).
The special case A = 2n x + y , corresponding to the choice of functions f i = x i , is easily solved.
Theorem 8.2
The standard differential system G n for the Goursat system u xy = 2n x + y u x u y is the quotient differential system
where H n+1 is the rank n + 1 Pfaffian system for the generalized Hilbert-Cartan equation
H n+1, [1] is the first prolongation of H n+1 , and G 2n+1 is the 2n + 1dimensional, 1 step nilpotent Lie group with infinitesimal generators (59) for f i = x i , i = 0 . . . 2n − 1.
The Monge system (62) enjoys a number of remarkable properties which we describe in the Sect. 9.
As in Sect. 4, the explicit formulas for the quotient maps q n : H n+1, [1] + H n+1, [1] → G n are determined by the prolongation of the lowest order joint differential invariants for the diagonal actions of the group G 2n+1 . Let γ = x + y, k = γ k φ k , and k = γ k ψ k . Then, for n = 1, the infinitesimal generators are { ∂ σ , ∂ φ , t∂ φ + ∂ φ 1 + 2φ∂ σ } and the joint invariant is 
We can use Theorem 8.2 to establish, in a rather novel fashion a connection between the systems G n+1 and G n . We start with the simple observation that the transformation φ = defines the equation σ = [φ (n) ] 2 as the quotient of σ = [ (n+1) ] 2 by the 1 dimensional group L with generator ∂ 0 . This, together with Theorem 8.2, then yields H n+2, [1] + H n+2, [1] H n+1, [1] + H n+1, [1] 
Now, because G 2n+3 is a solvable group, every solution or integral manifold for G n+1 determines, by quadratures, an integral manifold to H n+2, [1] × H n+2, [1] (see [1] , Theorem 6.2) which then projects under π n+3 to an integral manifold for G n . Because the projection map π n+3 is invariant with respect to the flows of all the generators of G 2n+3 except the last one, the explicit formulas for this construction turn out to be remarkably simple. The vector fields S 0 , S 1 , S 2 define the semi-simple part, the nilradical is the seven dimensional 1 step nilpotent subalgebra given by {W, X 0 , X 1 , . . . , X 5 }.
For n ≥ 3 this pattern persists. The derived flag for H n+1 is [n, n−1, n−3, n − 4, n − 5, . . .] and the symmetry algebra is sl(2) r, where the radical has dimension 2n + 2. In all cases the nilradical is a 1 step nilpotent algebra of dimension 2n + 1.
The Pfaffian systems H n+1 are also the canonical (flat) models in the Tanaka theory associated to the unique 2n + 1 graded nilpotent Lie algebras with grading [ 2, 1, 2, 1, 1, . . .] . See Doubrov and Zelenko [12] , Theorem 3.
